Abstract. Let V be any vector bundle over the sphere S n which is associated to the principal bundle of oriented orthonormal frames, or to that of spin frames. We give an explicit formula for the spectrum, with multiplicity, of the Bochner Laplacian r r on V , where r is the Riemannian or Riemannian spin connection. In the case of tensor bundles, we also give the spectrum of the Lichnerowicz Laplacian. The e ect of natural rst-order di erential operators on the corresponding eigenspaces is investigated, and all results are illustrated in a detailed treatment of some examples: the bundles of di erential forms, spinors, trace-free symmetric tensors, and algebraic Weyl tensors.
1. Introduction and principal results. In a recent paper, Folland Fo] studies the di erential form bundles over the sphere S n , using the representation theory of the special orthogonal groups to give explicit formulas for the eigenvalues of the form Laplacians d+d , and for the multiplicities of these eigenvalues. He also gives a geometric description of the eigenspaces, and determines the e ect of the rst-order operators d and on them.
Questions of this type were also treated in GM, pp. 282, 283] and IT, Secs. 4, 6] , and, for the case of odd n, in R, Sec. 3] . In this paper, we generalize these results by computing the spectrum of the Bochner Laplacian r r on any tensor-spinor bundle over S n (Theorem 1.1 below). We also give the spectrum of the Lichnerowicz Laplacian of any tensor bundle (Theorem 2.1), and derive some information about the e ect of natural rstorder di erential operators (generalizing d, , and the Dirac operator) on eigensections of our Laplacians.
We begin by reviewing some standard material. Given any oriented, Riemannian spin manifold X of dimension n 3, one has the principal SO(n)-and Spin(n)-bundles of oriented orthonormal and spin frames. We shall use P (resp. M) as a common abbreviation for these frame bundles (resp. structure groups). If (V; ) is a nite-dimensional representation of M, one can form the associated vector bundle P V ; this will be irreducible as an M-bundle if and only if (V; ) is an irreducible representation. The irreducible, nite dimensional representations of SO(n) are parameterized by dominant weights, vectors in Z`,`= n=2], with (1.1) 1 : : : ` 0; n odd; 1 : : : `?1 j `j ; n even:
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The irreducible, nite-dimensional representations of Spin(n) which do not factor through SO(n) are parameterized by vectors 2 ( 1 2 + Z)`satisfying (1.1). The representation corresponding to the dominant weight and its associated M-vector bundle will both be called V ( ). When writing dominant weights, we shall sometimes omit terminal strings of zeroes, and write, for example, a string of k ones as 1 k . Both the tangent and cotangent bundles are M-isomorphic to V (1), and the di erential form bundles are k = M n?k = M V (1 k ); k < n=2: If n is even, there is a splitting `= + ? into 1 eigenbundles of ( V (2; 2) V (2; ?2); n = 4: The reduciblity of W when n = 4 may be seen as a consequence of the fact that W is a subbundle of the symmetric tensor square of 2 , which splits as 2 = M V (1; 1) V (1; ?1) in dimension four. The Riemann curvature tensor of the metric is a section of 0 TFS 2 W, and the summands are represented respectively by the scalar curvature, the Einstein (tracefree Ricci) tensor, and the Weyl conformal curvature tensor.
The natural rst-order di erential operators to consider in the setting of irreducible bundles are the gradients and Dirac operators SW], which arise when the covariant derivative r is compressed to act between irreducible bundles. Restricted to V ( ), the covariant derivative is an M-equivariant di erential operator (1.2)
The bundle on the right in (1.2) need not be irreducible; in fact, it never is unless = (0). Indeed,
where $ if and only if is a dominant weight and either (1.4) or (1.5) holds: = e a ; some a 2 f1; : : : ;`g; (1.4) n is odd; `6 = 0; = : (1. of the Hodge if the middle order is involved), the Dirac operator r = on C 1 ( ) if n is odd, the Dirac operators r = : C 1 ( ) ! C 1 ( ) if n is even, and the Ahlfors operator S : C 1 (V (1)) ! C 1 (V (2)) of elasticity and quasiconformal theory. By construction, all gradients are M-equivariant, and invariant under isometries which preserve orientation and spin structure. We now specialize to the case where X is the sphere S n with its standard metric, orientation and spin structure. To bring the representation theory of the rotation and spin groups into the picture, we view X as the homogeneous space SO(n + 1)=SO(n) = Spin(n + 1)=Spin(n); that is, as K=M, where K is a common abbreviation for SO(n + 1) and Spin(n+1). The left action of K on X is by orientation and spin structure preserving isometries, and the isotropy subgroup at any point is isomorphic to M.
Given a dominant M-weight , let ?( ) denote the space of K-nite sections of V ( ).
Let X(K) be the space of dominant K-weights; these, of course, are just gotten by changing n to n + 1 in (1.1). Given 2 X(K), let It will convenient to think of X both as the homogeneous space K=M and as the unit sphere in R n+1 , with homogeneous coordinates x 0 ; : : : ; x n . When combining these viewpoints, we may take the origin to be the north pole: o = (1; 0; : : : ; 0). In this proof, the summation convention is not in force; all intended summations are explicitly noted. The indices i; j will be understood to run from 0 to n, and the indices s; t from 1 to n. If ' and are vector bundle sections, we shall write ' = for '(o) = (o); and if D and E are di erential operators on C 1 (V ( )), we shall say that D = E if (D')(p) = (E')(p) for every ' 2 ?( ). = is an equivalence relation in both cases. Since the operators Cas k and r r are both manifestly K-invariant, it is enough to prove (1.10) at the origin:
Now the isometric vector elds on X (a copy of k) are generated by the L ij , where in homogeneous coordinates, 
(For a discussion of the e ect of the Lie derivative on spinors, see K] .) The L st generate the isotropy subgroup M at o, the action of which coincides with the action of M as structure group, so
The 
There is, furthermore, a canonical identi cation ' 7 ! H(') of the space of two-forms at a point with the structure Lie algebra m = so(n), since (m; ad) = SO(n) 2 . If our tensor bundle V is associated to a representation , (2.1) and the derivation property of # give '# = (H(')). where the symbol , which originally stood for a representation of SO(n), has also been used for the corresponding in nitesimal representation of m and its extension to the universal enveloping algebra u(m). Now specialize to the case of the sphere X = S n , where R 3. Di erential forms. For the trivial scalar bundle V (0), (1.6) and (1.7) give
The Bochner and Lichnerowicz Laplacians agree, and the eigenvalues are j W (j) = j(n ? 1 + j):
The easiest way to handle the dimension formula (1.9) for the multiplicities is to calculate quotients of dimensions. In fact, it will be useful to have a general formula for dim W(1 + j; 1 p ) = (n + j + 1)(p + j)(n ? p + j + 1)(n + 2j + 3) (n ? p + j + 2)(j + 1)(p + j + 1)(n + 2j + 1) ;
and similarly for (dim W(2 + j; 1 p?1 ))=(dim W(1 + j; 1 p?1 )). Since dim W(1 p+1 ) = ? n+1 p+1 , (3.3) dim W(1 + j; 1 p ) = n + 1 p + 1 n + j j (n ? p + 1)p(n + 2j + 1) (n ? p + j + 1)(p + j)(n + 1) ; and similarly replacing p with p ? 1.
If n is odd and p =`= (n ? 1)=2, the K-nite section space is
where Z j = W(1 + j; 1`) W(1 + j; 1`? 1 ; ?1): The rst summand in (3.4) is R(d) and the second R( ). This last statement is not entirely immediate, as d maps ?(1`) to itself, but it follows from the fact that there are no harmonic (`?1)-forms (except the constants when n = 3). S`annihilates the j = 0 summands. With the obvious adjustment, (3.2) still gives the spectrum of the Laplace-Beltrami operator: j W (1+j;1`) = dj W (1+j;1`) = j(n + j + 1) + (`+ 1) 2 = (j +`+ 1)(n ? p +`); j Z j = d j Z j = j(n + j + 1) +`(`+ 2) = (j +`)(n ?`+ j + 1): Thus we have complete information on the spectra of the natural Laplacians in this setting, r r and r = 2 .
By (1.4), (1.5), the gradient \targets" for the spinor bundles (n odd) or (n even) are ; V ( 3 2 ; ( 1 2 )`? 1 ); n odd; ; V ( in a general Riemannian spin manifold. This formula is important mainly because it implies that the right side is positive semide nite, a fact which is much used in the theory of harmonic and parallel spinors. In any case, the Lichnerowicz Laplacian acts on the summand with parameter (q; j) as multiplication by (n + 1 + j)(2 + j) + 2(n ? 1) + q(n ? 5 + q);
and the Bochner Laplacian acts by (n + 1 + j)(2 + j) ? 2(n ? 1) + q(n ? 5 + q): The gradient to V (3; 2) (and the gradient to V (3; ?2) if n = 4) must annihilate the j = 0 summands. If n 5, the gradient to V (2; 1) must annihilate the W(2 + j; 2; 2) summands (and the W(2 + j; 2; ?2) summands if n = 5). If n 6, the gradient to V (2; 2; 1) (and the gradient to V (2; 2; ?1) if n = 6) must annihilate the q = 0 summands.
The multiplicity formulas in the cases of the trace-free symmetric and algebraic Weyl tensors, though straightforward from (1.9) or (3.1), are somewhat indigestible and unilluminating, so we omit them.
6. Remark. It is entirely possible that a Bochner (and thus Lichnerowicz) Laplacian eigenvalue is shared by more than one irreducible K-module in the decomposition (1.7); in fact this can happen rather systematically. Let n = 7, and consider the linear transformation A = 1 2 0 B @ 
